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ABSTRACT The amplitude-frequency histogram of spontaneous miniature endplate potentials follows a Gaussian distribu-
tion at mature endplates. This distribution gives the mean and variance of the quantum of transmitter. According to the vesicle
hypothesis, this quantum is due to exocytosis of the contents of a single synaptic vesicle. Multimodal amplitude-frequency
histograms are observed in varying degrees at developing endplates and at peripheral and central synapses, each of which
has a specific active zone structure. These multimodal histograms may be due to the near synchronous exocytosis of more
than one vesicle. In the present work, a theoretical treatment is given of the rise of intraterminal calcium after the stochastic
opening of a calcium channel within a particular active zone geometry. The stochastic interaction of this calcium with the
vesicle-associated proteins involved in exocytosis is then used to calculate the probability of quantal secretions from one or
several vesicles at each active zone type. It is shown that this procedure can account for multiquantal spontaneous release
that may occur at varicosities and boutons, compared with that at the active zones of motor nerve terminals.
INTRODUCTION
Spontaneous secretion of transmitter quanta occurs at syn-
apses which use fast-acting synaptic transmitters such as
acetylcholine, glutamate, y-aminobutyric acid (GABA), and
ATP acting on ionotropic receptors. The amplitude-fre-
quency histograms of the spontaneous potentials to which
these quanta give rise when recorded with an intracellular
electrode vary depending on the synapse investigated rather
than on the transmitter type. For example, at the amphibian
neuromuscular junction where spontaneous potentials were
first described, the amplitude-frequency histogram is Gaus-
sian (Fatt and Katz, 1952). In contrast, at preganglionic
synapses on amphibian sympathetic ganglia the amplitude-
frequency histogram is often not Gaussian (Blackman et al.,
1963), but may be better fitted by a gamma-distribution
(Robinson, 1976). Indeed, histograms of spontaneous po-
tentials at mammalian preganglionic synapses may be better
described as showing several modes that are integer multi-
ples of the unit mode, indicating multiquantal release
(Blackman and Purves, 1969; Bornstein, 1981), and it is for
this reason that they are better fitted by a gamma than by a
Gaussian distribution. Histograms of spontaneous potentials
that may indicate multiquantal release have also been ob-
served at inhibitory nerve terminals releasing GABA onto
hippocampal granule cells (Edwards et al., 1990) as well as
at mossy fiber terminals releasing glutamate onto cerebellar
granule cells (Silver et al., 1992) and optic nerve terminals
releasing glutamate onto lateral geniculate nucleus cells
(Paulsen and Heggelund, 1994). Recently, attempts have
been made to record from individual release sites of nerve
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terminals. Experiments in which a few boutons on hip-
pocampal pyramidal neurons are exposed to hypertonic
solutions, and recordings made in the neuron soma of ac-
celerated spontaneous releases from the boutons, give his-
tograms that are better described by gamma rather than by
Gaussian distributions (Bekkers et al., 1990). In other ex-
periments, spontaneous release of ATP has been recorded
from single visualized varicosities of sympathetic nerve
terminals with extracellular electrodes; histograms of the
potentials arising from this release are often better described
by gamma than by Gaussian distributions (Bennett, 1993;
Lavidis and Bennett, 1992), and most likely contain multi-
quantal releases (Bennett, 1994).
The question arises as to whether there is a single deter-
mining factor for the shape of amplitude-frequency histo-
grams at different synapses. In this work we explore the
possibility that differences in active zone structure might be
responsible for the mixture of quantal versus multiquantal
spontaneous release that seems to occur at different syn-
apses. The active zones of nerve terminals differ markedly,
depending on the synapse considered (Couteaux, 1961). At
synaptic varicosities formed by sympathetic nerve terminals
the active zone does not have a particular arrangement of
vesicles on the presynaptic membrane (Fig. 1; Bennett,
1972; Gabella, 1992); in the absence of freeze-fracture
studies the distribution of 10 nm presumptive calcium chan-
nel particles is not known. At boutons formed by nerve
terminals on other neurons, the active zone consists of a
presynaptic vesicular grid with dense projections among
which synaptic vesicles may nestle (Akert, 1973; Triller and
Korn, 1982); the 10 nm particles appear scattered through-
out the grid (Fig. 2). Finally, at nerve terminals on fast
twitch fibers in amphibia the active zone consists of two
double parallel rows of 10 nm particles, taken to be calcium
channels (Pumplin et al., 1981; Robitaille et al., 1990),
flanked by synaptic vesicles (Fig. 3; Dreyer et al., 1973;
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channel open times are considered. The channel is also
allowed to have a range of possible positions relative to the
vesicles. Equations are derived for the stochastic interaction
of the diffusing calcium ions with the vesicle-associated
proteins involved in exocytosis and these are solved (nu-
merically) to calculate the probabilities of monoquantal and
multiquantal release for each case. The calculations are
repeated for a range of values of the calcium channel current
and the density of the vesicle distribution. The present
model indicates that multiquantal spontaneous release may
occur more frequently at varicosities and boutons than at the
active zones of motor nerve terminals.
METHODS
Calcium concentration due to stochastic opening
of single channels
The presynaptic terminal occupies the region z > 0. Calcium channels are
situated on the surface z = 0, and calcium ions enter from the region
z < 0 and then diffuse in the region z > 0. Let c(r,t) denote the excess
calcium concentration at point r, where r = (x,y,z) denotes a general point
in three-dimensional space, at time t after the opening of a calcium channel.
Then (Fogelson and Zucker, 1985; Parnas et al., 1989)
FIGURE 1 Active zone in a synaptic varicosity of a sympathetic nerve
terminal. (A) Random distribution of synaptic vesicles (0) and calcium
channels (0). (B) Higher magnification of A, showing a random distribu-
tion of vesicles in relation to a single open channel.
Heuser and Reese, 1973); additional particles are often
found in close juxtaposition to the synaptic vesicles (Heuser
et al., 1979).
This paper presents a theoretical investigation of the
quantal releases resulting from the opening of a single
calcium channel under the three different spatial distribu-
tions of vesicles described above. Both the cases of fixed
channel open times and random (exponentially distributed)
ac D
At 1 + B (1)
where D is the diffusion constant for aqueous solution, and B is the ratio
of bound to free calcium due to the rapid binding of calcium to a uniformly
distributed set of fixed binding sites. Eq. 1 is to be solved subject to the
boundary conditions
c
-OasIx|,|y|, andz -oo (2)
and
Ac
D-=
-f(x,y)g(t)
az
on z = 0, (3)
and the initial condition
c(r,O) = 0. (4)
The functions Ax,y) and g(t) describe the spatial location and temporal
opening, respectively, of a calcium channel in the surface z = 0. The
channel profile is taken to be Gaussian, so (Parnas et al., 1989)
f(x',y') = AfX(x')fy')
where
fx(x') = AM;;,1 -(x'-x)2/2a2
(5)
(6)
and similarly for fyCy'). A and ov are constants giving the amplitude and
shape of the profile.
These equations can be solved (e.g., using Green's function techniques;
Morse and Feshbach, 1953) to give for the calcium concentration at a
distance r from the center of a single channel
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FIGURE 2 Active zone of a synaptic bouton. (A) Diamond arrangement
of vesicles in a presynaptic grid (0), with random distribution of calcium
channels (0). (B) Higher magnification of A, showing regular vesicle
arrangement with a randomly placed open calcium channel; a number of
possible positions of the open channel are shown.
where
4D
31 +B' (8)
f1AG [- P(1 1 o-~c
c(r;t) = iAG | 1 j; l
(10)
where P(a, x) is the incomplete y-function (Abramowitz and Stegun, 1965,
section 6.5):
P(ax) = F() e-tta-ldt.
0
(11)
The product AG is the single channel current, equal to the number of
calcium ions passing through a single channel in unit time.
As an example of the use of Eqs. 7 and 10, Fig. 4 A shows the calcium
concentration at a point 30 nm away from a channel that opens for 0.2 ms.
The calcium concentration continues to rise while the channel is open, and
then falls to very low values in about a further 1 ms.
More generally, g(t) can be a stochastic step function, such that the
channel opens at t = 0 and closes at t = TC where Tc is a random variable.
Then g(t) is given by Eq. 9 with t, replaced by Tc. The closing time Tr is
taken to be exponentially distributed with mean ?r = 11K and so has density
function
fT (t) = Ke-t (12)
(See Fig. 5 A below for an example of such a distribution.) With this choice
of g(t) the calcium concentration as given by Eq. 7 or 10 becomes a random
variable, and it is necessary to perform a number of simulations to calculate
averages of measurable quantities.
Stochastic binding of calcium to the exocytotic
vesicle-protein
It is assumed that several sites on a particular vesicle-associated protein
must each bind a calcium ion for exocytosis by a vesicle to be triggered, so
secretion does not occur until all such sites are occupied by calcium ions
(Sudhof and Jahn, 1991). Let y(t) be the rate of attachment and v() be the
rate of detachment of calcium ions at a site. Let Pk(t) be the probability that
each of k binding sites is occupied by a calcium ion at time t. If there are
four such sites (Dodge and Rahamimoff, 1967; Augustine et al., 1987),
then P4(t) is also the probability that a quantum is released by time t. It
follows from standard techniques (Feller, 1950, ch. 17) that these proba-
bilities must satisfy the following set of coupled differential equations:
dPo
dt= vP1 - 4p'Po,
dPt
dt v(2P2- P1) + tt(4Po-3PJ
dP2
= v(3P3 2P2) + 1(3P1 -2P2), (13)
If the channel opens at t = 0 and closes at t = t: then the appropriate choice
for g(t) is the deterministic step function
gG(t t > tk,,
g(t) o t (9)o
where G is a constant. The calcium concentration can then be found using
numerical integration in Eq .7; in the special case where ov = 0, Eq. 7 with
g(t) given by Eq. 9 can be evaluated explicitly as
dP3
dt = -3vP3 + 11(2P2 -PA
dP4
dt = JP3
with initial conditions
Po(O) = 1, Pk(O) = O, k' 1. (14)
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A
FIGURE 3 Active zone at a motor nerve terminal. (A) Single row of
calcium channels (0), apposed by a parallel row of synaptic vesicles (0);
also shown are two extra channels close to each vesicle. (A second pair of
channel-vesicle rows present at a motor nerve terminal are not shown, as
they are sufficiently far away to have little effect for spontaneous release.)
(B) Higher magnification ofA, showing an open channel situated at random
between two vesicles; several possible positions shown. (C) As for B, but
with a typical close channel shown for each vesicle.
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FIGURE 4 Probability of release of a single vesicle 30 nm from a
calcium channel open deterministically for 0.2 ms. Other parameter values
are as given in Table 1. (A) Change in calcium concentration at the vesicle
(solution to Eq. 7 or 10). The solid curve is for a- = 0 and the broken curve
for v- = 5 nm. The more realistic value o- = 2.5 nm gives a curve that is
almost indistinguishable from the solid curve, and has not been shown. The
dot-dash curve shows the time course of the channel current, given in
ions/ms. (B) Probabilities Pk(t) that, given the calcium change in A, the
vesicle-associated exocytotic protein has bound up to k calcium ions by
time t, where k = 0, 1, 2, 3, or 4. These probabilities are calculated using
Eq. 13. (C) Rate (dP4/dt) of release of a quantum from the vesicle at time
t. (D) Probability P(K = k) of release of k quanta at long time (t = 10 ms).
Because there is only one vesicle, k = 0 or 1.
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These equations can also be derived from the kinetic scheme
4jx 31x 2y A
So0 Sl k S2 s± 53 -> S4
v 2v 3v
where Si denotes the state with i sites occupied.
To determine the probability P4(t) that a particular vesicle releases a
quantum by time t after the opening of a single calcium channel, the rate
of attachment of calcium ions to the binding site of that vesicle has been
taken to be proportional to the calcium concentration at the position of the
vesicle-associated protein; that is,
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
OPEN TIMES (ms) ,(t) = kc (r,t),
where ka is a constant and c(r,t) is given by Eq. 7 or 10. The rate of
detachment of calcium ions is given by
v(t) = kd,
0.0 0.2 0.4 0.6 0.8 1.0
PROBABILITY OF EXOCYTOSIS
i ~
~~~~~~~*.
0.0 0.2 0.4 0.6 0.8 1.0
PROBABILITY OF NO EXOCYTOSIS
where kd is a constant, independent of time.
In the present work, emphasis is placed on the influx and diffusion of
calcium ions to the vesicles and the subsequent attachment of these ions to
the vesicle-associated protein responsible for allowing exocytosis, as it is
in the secretion models of Bennett et al. (1977) and Van der Kloot (1988).
If, however, exocytosis is taken as rate limiting as in the models of Pamas
et al. (1989) and of Yamada and Zucker (1992), then an extra step may be
included in Eq. 13.
Solution of Eq. 13 now gives the probabilities that the vesicle protein
responsible for exocytosis has bound from zero up to four calcium ions at
its four calcium binding sites at some time t after the opening of the
channel. Fig. 4 B shows this solution for the case of a single vesicle at a
distance of 30 nn from a channel that opens for 0.2 ms (and thus the
calcium concentration is given in Fig. 4 A). P4 increases to a value of 0.081
at -2 ms after the channel opens and remains constant thereafter. The rate
of vesicle exocytosis at time t after the opening of the channel is given by
dP4/dt and is shown in Fig 4 C; this rate is maximal at 0.23 ms, just after
the channel closes. The probability of a failure to release, or of a release,
is an immediate consequence of the long-time value of P4(t) and is shown
in Fig. 4 D; a release occurs in only -8% of trials.
Consider again the case above of a single calcium channel at 30 nm
from a single vesicle, but with the calcium opening stochastically; the
channel opens at t = 0 and closes at t = Tc, where Tc is exponentially
distributed with mean of 0.2 ms as shown in Fig. 5 a. Eq. 13 is solved under
these conditions to give P4(r,t) for r = 30 nm and t = 10 msi this time
being long enough for P4 to have always reached a constant value. The
results for 1000 channel openings are shown in Fig. 5 B; on more than 560
occasions the channel opens for such a short time (see Fig. 5 A) that the
calcium concentration at the vesicle exocytosis protein is so low that there
is very little chance of all four binding sites being occupied by calcium ions
at any time (P4 < 0.05). It is only for the relatively long open times
(Tc ; 0.5 ms) that P4 is greater than 0.5 (compare Fig. 5 B with Fig. 5 A).
The frequency of the probability that release does not occur over the 1000
channel openings is shown in Fig. 5 C, and the frequency of the probability
that release does occur is shown in Fig. 5 B. The probability of a failure to
release, or of a release, is then the average over these frequencies and is
given in Fig. 5 D; there is now a release on -14% of occasions.
NUMBER OF QUANTA k
FIGURE 5 Probability of release of a single vesicle 30 nm from a
calcium channel that has a stochastic distribution of open times. (A)
Exponential distribution of open times of the channel, with mean open time
of 0.2 ms; 1000 simulations are shown. (B) Probability (P4) that the
exocytotic protein of the vesicle has bound four calcium ions at long times
(10 ms) for each of the 1000 channel open times in A; the frequency is
given for each value of P4 in 0.05 bins. (C) the probability that the
exocytotic protein of the vesicle does not have four calcium ions at long
times (10 ms) for each of the 1000 channel open times in A; the frequency
is given in 0.05 bins. (D) Probability of release of the vesicle.
Release probabilities for various distributions of
vesicles and calcium channels at release sites
In general there are two stochastic elements in any calculation: a spatial
one, involving the configuration of vesicles and channels, and a temporal
one, involving the open times of a calcium channel. The most efficient way
of treating this numerically is by using a Monte Carlo simulation with the
following steps.
1. A typical configuration of vesicles and channels is generated. Fol-
lowing are the three cases considered.
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Case A: random distribution of vesicles and channels
The synaptic vesicles are distributed randomly over the presynaptic mem-
brane with density A,, and calcium channels are also distributed randomly
(Fig. 1). This is likely to be the case for sympathetic synaptic varicosities,
in which the active zone shows no ordered array of synaptic vesicles in the
presynaptic membrane (see Introduction). In the simulation, vesicles are
placed at random in a square of side 1 ,um such that no overlaps occur (if
a vesicle overlaps, it is discarded and the coordinates of its center regen-
erated). A calcium channel is then placed at random in a central square of
side 0.5 ,um, again without overlap with any vesicle.
Case B: vesicles on a regular lattice with a random
distribution of channels
Vesicles are placed at the nodes of a diamond lattice on the presynaptic
membrane, internodal distance 2a, with calcium channels distributed at
random (Fig. 2), as is appropriate for synaptic boutons (see Introduction).
Thus once a is given the vesicles are fixed and it is only necessary to
generate the position of the channel that will open, again avoiding overlaps
with the vesicles. Because of symmetry, channel positions in only one
quadrant of a diamond need be considered.
found by repeating the whole simulation a number of times (typically,
1000) and taking the average.
6. Because only actual releases are observed, the quantity of real interest
is the conditional probability P(K = kIK 2 1) that k = 1, 2, . . ., n releases
occur given that at least one release occurs, and this is given by
P(K=k)
P(K= k K 2 1) = 1-P(K=k) (20)
In Case A it is possible to proceed further analytically if the finite size
of the vesicles and channel is neglected. The probability that each of
k vesicles has released a quantum by time t is given by the Poisson
distribution:
(21)
where
q(t)= P4(r,t)2rdr, (22)
Case C: vesicles and channels on lines
In this case vesicles are constrained along lines and calcium channels along
parallel lines (Fig. 3), as occurs at the active zones of release sites in
somatic motor nerve terminals (see Introduction). Once the positions of the
lines and the vesicle separation has been specified the only variable is the
position of the open channel on its line, and this is taken to be at a random
position relative to two vesicles (Fig. 3 B). There is also the possibility of
extra channels close to individual vesicles, as show in Fig. 3, A and C.
In all three cases the result of this first step is a set of distances rl,r2 ...,
rn from the channel to the n closest vesicles. A maximum value of n = 8
was found to be sufficient for all calculations in this paper.
2. The open time tc of the channel is now chosen. It will either be
deterministic, in which case the same value is used in all the simulations;
or stochastic, in which case a different value is chosen (from an exponential
distribution) for each simulation.
3. The set of coupled differential equations in Eq. 13 is now solved
(numerically) for p,(t) = P4(ri,t), i = 1, . . ., n where the distance ri has
been included in the argument of P4 to emphasize that the release proba-
bility depends on the distance of a vesicle from a calcium channel. The
result of this step is thus a set of release probabilities p1(t), p2(t). N)
for the n closest vesicles.
4. Let K(t) be a random variable equal to the number of quanta released
by time t after the channel opens. Then the probability of k releases by time
t is given by
P(K(t) = k) = coefficient of sk in fln (pj(t)s + qj(t)),
(18)
k= 0,1, ... .,n,
where qi(t) = 1 - pi(t). Usually the quantity of interest is the probability
P(K = k) that k releases occur, given by
P(K= k) = lim P(K(t)=k). (19)
In practice P(K(t) = k) reaches its final value in a few ms. For channel
openings of up to 2 ms the limiting value was reached well before the 10
ms used in the calculations below.
5. The above probability is conditional on the spatial configuration and
on the channel open time, i.e., it is really P(K = k[Ri = r1,Tc = tc) where
Ri stands for the random distances from the channel to the vesicles and Tc
is the random open time. The unconditional probability P(K = k) is now
and P4(r,t) P4(t) is found by solving Eq. 13. The derivation of Eq. 21 is
given in the Appendix. This formula provides a useful check on the Monte
Carlo method; even for vesicles and channel of finite size it is quite
accurate at low densities, but becomes increasingly inaccurate as the
density increases. In all calculations reported below the Monte Carlo
method has been used.
General considerations
The present model does not incorporate the pumping of calcium out of the
terminal or the interaction of calcium with buffers. Calculations including
an expression for the pump in Eq. 1, and using values for pumping
suggested by Fogelson and Zucker (1985), indicated that this is likely to
have negligible effects on the present results. However, failure to account
for the kinetics of interaction between calcium and its buffers as done by
Yamada and Zucker (1992) as well as by Simon and Llinis (1985) might
have more serious consequences for quantal secretion. In the present work,
diffusion is slowed from its value in aqueous solution by very rapid binding
to uniformly distributed fixed binding sites, using a diffusion constant
reduced by an amount B (for discussion of appropriate values for B see
Augustine et al., 1987). The stochastic interaction between calcium and
both high and low affinity buffers will be addressed in future work, as this
greatly complicates a probabilistic analysis of the kind presented here. One
very important objection to some previous models is the failure to account
for the high temperature dependence of secretion as a consequence of
taking secretion as proportional to a power of the calcium concentration
(Fogelson and Zucker, 1985). This can be met by incorporating tempera-
ture dependence into the stochastic processes involving the vesicle-asso-
ciated exocytosis protein (see also Yamada and Zucker, 1992).
The power relationship between intracellular calcium and transmitter
release has been taken as n = 4 at the different active zone types investi-
gated. Experiments in which the extracellular calcium concentration is
changed and quantal release measured have given an n = 4 for mammalian
sympathetic varicosities (Macleod et al., 1994) and amphibian neuromus-
cular junctions (Dodge and Rahamimoff, 1967). Sympathetic pregangli-
onic nerve terminals, consisting of clusters of synaptic boutons (Streichert
and Sargent, 1989), show a two- to threefold power relationship (Bennett
et al., 1976). There is more direct evidence for cooperativity of about three
calcium ions in secretion at the squid giant synapse, where it has been
shown that the postsynaptic current varies as the third power of the
presynaptic calcium current (Smith et al., 1985; Augustine et al., 1985),
with some synapses showing a power as high as four in an external calcium
concentration of 3 mM (Augustine and Charlton, 1986). There has been
47Bennett et al.
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considerable discussion of the extent to which the spatial distribution of
open calcium channels, together with their local domains of high calcium
concentration, determine the power relation between presynaptic calcium
currents and secretion (Zucker and Fogelson, 1986). It has recently been
argued that there is a cooperative triggering of release within the influence
of a single domain, at least at the squid giant synapse, indicating multiple
binding sites for calcium on the vesicle-associated protein controlling
exocytosis (Augustine et al., 1991).
Although it is clear that a power relationship exists between calcium and
evoked transmitter release, it is not clear whether this is likely to hold for
spontaneous release, and if so what types of calcium channel are likely to
be involved. The frequency of spontaneous release at the amphibian and
mammalian neuromuscular junctions shows a dependency on the external
calcium concentration (Rotschenker and Rahamimoff, 1970; Hubbard et
al., 1968), as it does for amphibian and mammalian preganglionic boutons
on autonomic neurons (Dennis et al., 1971; Bornstein, 1981). The co-cono-
toxin GVIA-sensitive calcium channel (N-type; Fox et al., 1987) deter-
mines at least part of the spontaneous quantal release at the amphibian
neuromuscular junction, as blocking it reduces the frequency by half
(Grinnell and Pawson, 1989); other unidentified calcium channels (either
voltage-sensitive or insensitive) are implicated also, as reducing the exter-
nal calcium to very low values reduces the spontaneous frequency by 90%
(Grinnell and Pawson, 1989). However, it is possible that the intraterminal
release of calcium from calcium stores also contributes to spontaneous
release (Berridge, 1992; Melamed et al., 1993; Cohen et al., 1981). The
contribution of such sources of calcium is not considered here.
Although there is little evidence concerning the calcium channel types
involved in spontaneous quantal secretion at different synapses, there is for
evoked secretion. Amphibian neuromuscular transmission is blocked by
c-conotoxin GVIA (Kerr and Yoshikami, 1984), indicating a role for
N-type calcium channels (Fox et al., 1987; but see Ellinor et al., 1993),
whereas mammalian neuromuscular transmission is blocked by co-Aga-
toxin-IVA (Llinas et al., 1992) indicating a role for P-type calcium chan-
nels (Usowicz et al., 1992). Sympathetic neuromuscular transmission and
synaptic transmission are blocked by c-conotoxin GVIA (de Luca et al.,
1990; Plummer et al., 1989). However, synaptic boutons in the central
nervous system show differential sensitivity to blockade of transmitter
release by different neurotoxins, depending on the boutons considered.
Thus glutamate release in the striatum and hippocampus is mostly under
the control of P-type channels (Turner et al., 1993; Luebke et al., 1993),
which is the predominant class of calcium channel in these structures
(Mintz et al., 1992), whereas the release of GABA is mostly under the
control of N-type channels (Horne and Kemp, 1991). The role of w-cono-
toxin GVIA and w-Agatoxin-IVA-resistant channels in transmitter release
from central boutons is yet to be elucidated (Turner et al., 1993). The active
zones considered in the present work belonged to mammalian sympathetic
neuromuscular varicosities (Fig. 1), amphibian neuromuscular release sites
(Fig. 3), and mammalian preganglionic boutons (Fig. 2), all of which
produce an evoked secretion dependent on N-type calcium channels. Char-
acteristics of the open times of these channels have therefore been used in
the stochastic modeling. In the absence of these characteristics for the
P-type channels, we have also used the N-type channel open times for
modeling central boutons. This channel type shows three open probability
modes. As the voltage dependence of these open times has now been
determined for each mode it is possible to obtain quantitative estimates for
the channel open times at the resting membrane potential (Delcour et al.,
1993).
RESULTS
Numerical values of parameters
The numerical values of the parameters used in the calcu-
lations are listed in Table 1. The channel current is the
product of a spatial amplitude A and a temporal amplitude
G. Pamas et al. (1989) give a value of 550 calcium ions per
ms, which has been rounded to 600 in Table 1. This value
is used in all calculations except for those shown in Fig. 9,
where the effect of varying the calcium channel current is
investigated. If the channels are taken to be particles of 10
nm diameter, then a reasonable choice for the channel
spatial profile parameter o would be 2.5 nm. However, even
in the extreme case where the channel and vesicle touch,
there is almost no difference in the calcium concentration at
the center of the vesicle for oa = 2.5 nm and o = 0 (see Fig.
4 A). Hence cu = 0 has been used, as one significant
advantage is that the analytic formula Eq. 10 can be used
instead of the integral Eq. 7 with considerable saving in
computational time.
The channel open time is a random variable Tc, which is
taken to be exponentially distributed with mean 0.2 ms; this
is obtained by extrapolating to -60 mV the data of Delcour
et al. (1993) for low-po N-type channels (see their Fig. 13
B). Sometimes calculations are done with a deterministic
opening time of 0.2 ms, but these are either for simple
illustration or else as a contrast to the stochastic case; as will
be emphasized below, release probabilities calculated on the
basis of deterministic open times can be very misleading.
The calcium attachment rate coefficient ka has been set at
0.6 uM-1 ms-1, because this seems to give the best illus-
tration of differences caused by various geometries. Be-
cause ka always appears in the combination kaAG the effect
of varying ka is the same as that of varying the channel
current A X G, and this will be investigated in Fig. 9. The
detachment rate kd has been set at 0.5; the effect of varying
TABLE I Values of the parameters used in the numerical calculations
Quantity Symbol Value Reference
Calcium diffusion coefficient D 0.6 Atm2 ms-1 Fogelson and Zucker (1985)
Bound to free calcium ratio B 100 Augustine et al. (1987)
Single channel current A x G 600 ms-1 (See text)
Channel spatial profile parameter 0r O (See text)
Random channel open time T. mean = 0.2 ms Delcour et al. (1993)
Calcium attachment rate 0.6 ,uM1
coefficient ka ms-1 (See text)
Calcium detachment rate
coefficient kd 0.5 ms-1 (See text)
Calcium channel diameter 10 nm Heuser et al. (1979)
Pumplin et al. (1981)
Vesicle diameter 50 nm Heuser et al. (1979)
Akert et al. (1971)
Biophysical Journal48
Probabilistic Secretion of Quanta
this can be compensated for by an appropriate change in ka,
so a different choice for kd simply leads to another choice
for ka with very little change in the overall results. These
values for ka and kd give relatively high affinity bindings
(see also Pamas et al., 1989), whereas recent results suggest
that the fast phase of evoked quantal release is likely to
involve a lower affinity binding (see Heidelberger et al.,
1994; Heinemann et al., 1994). It seems, however, that
spontaneous release might be more closely related to the
slow phase of evoked quantal release (Goda and Stevens,
1994), which is likely to involve a high affinity binding.
Some results for a lower-affinity binding are given in the
section on the effect of varying the affinity of binding on the
probability of multiquantal release, below.
Determination of the probability that k vesicles
release quanta on opening of a calcium channel
Random distribution of vesicles at active zones
(sympathetic varicosities)
Consider the case of vesicles randomly distributed in an
active zone with density A, = 250 ,m- 2 and deterministic
opening of a calcium channel within the zone, with open
time 0.2 ms. The simulation method outlined earlier allows
calculation of the probabilities P(K = kIK > 0) of k quantal
releases conditional on not being able to count failures to
secrete. Fig. 6 A shows that in this case only --12.6% of all
spontaneous secretions will involve two vesicles releasing
quanta; releases of three or more quanta are negligible, and
the variance of the distribution is very small compared with
the mean.
Consider now the case of vesicles randomly distributed in
an active zone with density XA, = 250 ,um-2 and stochastic
opening of a calcium channel within the zone, the open time
being exponentially distributed with mean 0.2 ms. Averag-
ing over 1000 channel openings, with open times taken from
this exponential distribution, leads to the conditional prob-
abilities shown in Fig. 6 B. Now -32% of releases are
multiquantal: -21.5% double, -7.5% triple and -2.5%
quadruple; the variance of the distribution has therefore
increased greatly in this stochastic case, but is still less than
the mean. There is thus a dramatic increase in the number of
multiquantal releases when the channel open time is al-
lowed to be stochastic. This is a direct consequence of the
exponential distribution allowing an appreciable fraction of
very long open times (Fig. 5 A).
Vesicles distributed on a grid in active zones (synaptic
boutons)
In this case, vesicles are distributed on a diamond-shaped
grid with dimensions shown in Fig. 2 B, giving a vesicle
density of 200 tmM-2. The procedure outlined above in
Methods allows calculation of the probabilities P(K =
kIK > 0) of k quantal releases conditional on not being able
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FIGURE 6 Probability of release of different numbers k of vesicles
placed at random in an active zone (varicosity case) with density A, = 250
XM2
, upon the opening of a single calcium channel (Fig. 1 B). (A)
Probability P(K = kIK > 0) of release conditional on not counting failures
for deterministic opening (0.2 ms) of the single channel. (B) P(K = kIK >
0) conditional on not counting failures for stochastic opening (exponential
with mean 0.2 ms) of the single channel.
to count failures to secrete, for the case of stochastic open-
ing of a calcium channel with exponentially distributed
open times of mean 0.2 ms. Averaging over 1000 channels,
any one of which can occupy a random position in the
diamond grid as shown in Fig. 2 B, gives the results shown
in Fig. 7. About 29% of releases are multiquantal, which is
similar to the case for random distribution of vesicles at the
active zone (compare Fig. 7 with Fig. 6 B). The exponential
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FIGURE 7 Probability of release of different numbers k of vesicles on a
rectangular grid in the active zone (bouton case) with density A, = 200
,um 2, when the single channel that opens can take a random position
relative to the vesicles (Fig. 2 B). The graph shows P(K = kIK > 0) for
random channel open times (exponential with mean 0.2 ms).
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distribution of open times was chosen to have a mean of 0.2
ms, as for N-type calcium channels, although it is known
that P- and Q-type calcium channels play a prominent role
in calcium-dependent transmitter release from boutons
(Turner et al., 1993; Wheeler et al., 1994). However, there
are not as yet published records on their average open times;
if these are longer than 0.2 ms then the extent of multiquan-
tal release will be increased further. Another possibility that
would increase multiquantal release is that the dimension
of the diamond lattice is smaller, allowing the vesicle den-
sity at boutons to approach that assumed for varicosities
(namely, 250 ,um-2 rather than 200 ,um-2).
Vesicles and calcium channels distributed on lines in active
zones (motor endplates)
In this case, vesicles are distributed on a line with dimen-
sions shown in Fig. 3 A; the center-to-center distance be-
tween vesicles is 70 nm (Heuser et al., 1979), giving a
vesicle density of 14.3 pum-1. If the N-type channels at an
amphibian endplate active zone open with mean time of 0.2
ms, and the open channels occur randomly at any point
along a line parallel to that on which the vesicles are
positioned (Fig. 3 B), then averaging over 1000 openings
gives the conditional probabilities of k quantal releases as
shown in Fig. 8 A. In this case, <10% of releases are
multiquantal. If an extra channel is associated with each
vesicle (Fig. 3 C; see Heuser et al., 1979) then multiquantal
release is reduced to -4% (Fig. 8 B), a condition that occurs
experimentally (see del Castillo and Katz, 1954).
Factors determining multiquantal spontaneous
secretion at active zones
As mentioned in the Introduction, there is evidence for
multiquantal spontaneous secretions from the active zones
of mature sympathetic varicosities, developing boutons and
developing motor endplates. Given the geometrical rela-
tions between vesicles and calcium channels within an
active zone, there are several properties that primarily gov-
ern multiquantal secretion: these are the current (A X G)
and opening times (Tc) of the calcium channels, the density
of vesicles (Xv) in the active zone, and the rate of reaction
between the calcium ions and the vesicle fusion protein. In
this section the effects of varying these parameters on the
probability of multiquantal releases is explored.
Effect of increasing calcium channel open times and
current on the probability of multiquantal releases
The effect of increasing the single channel current (A X
G) on the extent of multiquantal release has been calcu-
lated for each of the main active zone types encountered.
These are active zones with randomly placed vesicles
(Fig. 1), with vesicles on a diamond grid and opening of
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FIGURE 8 Probability of release of different numbers k of vesicles on a
line in the active zone (motor terminal case) with vesicle centers 70 nm
apart, when the single channel that opens can take a random position
between two vesicles (Fig. 3 B). The graphs show P(K = kIK > 0) for
random channel open times (exponential with mean 0.2 ms). (A) all the
channels lie on a line parallel to the line of centers of the vesicles and 35
nm distant. (B) An additional channel is associated with each vesicle (Fig.
3 C); this channel is taken to be 35 nm from the vesicle center and effects
only that vesicle.
channels at random positions (Fig. 2), and finally with
vesicles on a line and channels opening at random posi-
tions along a parallel line (Fig. 3). Fig. 9, A-C, shows the
dependence of the proportion of multiquantal releases on
the channel current for each of these cases; respectively,
for the condition of a random placement of vesicles with
density 250 pum-2 in the case of sympathetic varicosities,
a diamond grid of vesicles with density 200 Am-2 for
boutons, and a line of vesicles spaced 70 nm apart for
active zones of endplates. Results are shown for both
deterministic (0.2 ms) and random (exponential, mean =
0.2 ms) channel open times. In general random open
times give a greater fraction of multiquantal releases,
except at very high channel currents where the reverse
can occur (Fig. 9 A). This crossover occurs because at
low currents open times >0.2 ms are required if more
than one vesicle is to release transmitter, and this occurs
only in the random case; at high currents an open time of
0.2 ms is sufficient to ensure that all close vesicles
release a quantum, whereas in the random case there will
be a proportion of shorter times that give at most one
release.
I.
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FIGURE 9 Effect of changes in channel current on the probability of
multiquantal secretion. The abcissa gives the channel current (in hundreds
of ions per ms), and the ordinate gives the fraction of all releases that are
multiquantal. The points show the results for deterministic channel open
times (0.2 ms), and the crosses for stochastic open times (exponential with
mean 0.2 ms). (A) Active zone with random vesicles at density A, = 250
pum-2 (Fig. 1 B). (B) Active zone with vesicles on a synaptic grid with
density A,, = 200 umM-2, and random position of open channel (Fig. 2 B).
(C) Active zone with vesicles on a line with centers 70 nm apart, and
random position of open channel (Fig. 3 B). (D) Active zone with vesicles
on a line with centers 70 nm apart, and random position of open channel
plus extra close channel (Fig. 3 C).
The multiquantal release increases with channel current
in all cases, as expected. However, this increase is greater
for spatially random vesicles (Fig. 9 A) and for vesicles on
a grid (Fig. 9 B) than for vesicles on a line (Fig. 9 C). An
increase in channel current increases the proportion of mul-
tiquantal releases for the spatially random and grid cases
over the other case (Fig. 9). For a current of 1000 ms-1 and
stochastic open time with mean 0.2 ms the number of
multiquantal releases will be 48%, 48%, and 22% for each
of the three active zone types (random, grid, and line)
respectively. Incorporation of the extra channel per vesicle
for the last case reduces this to 10.5% (Fig. 9 D).
Effect of increasing vesicle density on the probability of
multiquantal releases
The extent of multiquantal release was determined for the
three active zone types when the vesicle density (Av) was
increased. Fig. 10 shows that for a particular channel current
the multiquantal release is much the same at each value of
AV for the random vesicle case as for the case of vesicles on
a grid (compare Fig. 10, A and B). At densities <100
vesicles per pum2 the expected multiquantal release is <15%
in both cases (Fig. 10, A and B). For vesicles on a line,
multiquantal release does not reach 10% until the high
density of 14 vesicles per gm is reached (Fig. 10 C); at 20
vesicles per ,um, when adjacent vesicles are touching, the
multiquantal release is still only -20%. Incorporation of the
extra channel per vesicle reduces multiquantal release sub-
stantially (Fig. 10 D), so that 10% is only reached when the
vesicles touch.
Effect of varying the affinity of binding on the probability of
multiquantal release
It is not clear at this time whether the calcium attachment
and detachment rate coefficients ka and kd for spontaneous
quantal release are best taken as those for the fast compo-
nent of evoked release (with a low affinity kd of about 20
ms-') or for the slow component of evoked release (with a
higher affinity). We have used the latter interpretation in
which the values for kd and kaAG are similar to those of
Parnas et al. (1989), but explore here the results if low
affinity binding is used. In this case a kd of 20 ms-1 may be
used in conjunction with a ka of 0.6 ,M-1 ms-1 as before
but with an increase in the single channel current AG from
600 ms-1 (used by Parnas et al., 1989) to 1800 ms-1
(determined from the recent data of Delcour et al., 1993, for
the N-type calcium channel in the low-p0 mode, and allow-
ing for a ratio of calcium versus barium current through
these channels of about one-half; see Lux and Brown,
1984). This single channel current of 1800 ms-1 is close to
the value of 1640 ms-1 used by Zucker and Fogelson
(1986) in their calculations.
Using the decreased affinity (kd = 20 ms-') and in-
creased calcium current (1800 ms-1), the extent of multi-
quantal spontaneous release for the case of random vesicle
A
z40.
L-
0
o-'
-J
B
z
0
LL
a:
H
z
..
H
-JC
z
D
H
0
LL
F-
z
,
HX
51Bennett et al.
Biophysical Journal
"cr~
CO)
CM
0.
77
0 50 100 150 200 250 300
-2
VESICLE DENSITY (gm
0~~~~~~~~~
x stochastic opening x x
c * deterministic opening xx
c x x
cq . ~~~x
o x
x
C° x x......
X X
0 50 100 150 200 250 300
-2
VESICLE DENSITY (j.tm
cm
0
C;
0 5 10 15 20
VESICLE DENSITY (um)
LO
x stochastic opening
o * deterministic opening x
-
0
0
X X x
4 le
0 5 10 15
VESICLE DENSITY (aim
20
FIGURE 10 Effect of changes in vesicle density on the probability of
multiquantal secretion at a fixed channel current of 600 ms-1. The abcissa
gives the vesicle density and the ordinate gives the fraction of all releases
that are multiquantal. The points show the results for deterministic channel
open times (0.2 ms), and the crosses for stochastic open times (exponential
with mean 0.2 ms). (A) Active zone with random vesicles (Fig. 1 B). (B)
Active zone with vesicles on a synaptic grid and random position of open
channel (Fig. 2 B). (C) Active zone with vesicles on a line and random
position of open channel (Fig. 3 B). (D) Active zone with vesicles on a line
and random position of open channel plus extra close channel (Fig. 3 C).
placement in the active zone was 11% of all releases,
compared with 32% for the high affinity case (see Fig. 6 B).
The extent of multiquantal spontaneous release for the case
of muscles on a line in the active zone was 1.5% of all
releases, compared with 4% for the high affinity case (see
Fig. 8 B). Thus the extent of multiquantal release is reduced
about threefold for both active zone structures for the low
affinity case. Active zones of motor nerve terminals con-
tinue to have a much lower rate of multiquantal release
compared with active zones of varicosities.
Comparison between experimental and
theoretical spontaneous quantal release
distributions at different active zone types
Sympathetic varicosities
At the present time, spontaneous quantal releases have only
been recorded directly from individual active zones of sym-
pathetic varicosities (Bennett, 1993, 1994). These show
amplitude-frequency histograms that contain multiquantal
releases. The percentage of multiquantal responses varies
between about 10 and 25% of the releases (Bennett, 1994).
This is the result to be expected from the random vesicle
distribution model if the channel current is 600 ms-1, the
channel open time is stochastic with mean 0.2 ms, and the
vesicle density varies between 75 gm-2 and 175 pum-2
(Fig. 10 A).
Synaptic boutons
No recordings have been made of spontaneous quantal
secretions from synaptic boutons directly. However, Bek-
kers et al. (1990) have determined amplitude-frequency
distributions of spontaneous quantal secretions from single
boutons in hypertonic solutions, recorded from the neuron
soma in tissue culture; these very likely contain multiquan-
tal releases. Edwards et al. (1990) have determined ampli-
tude-frequency histograms for spontaneous quantal releases
from inhibitory synaptic boutons on granule cells in the
immature (17-21-day-old) rat hippocampus; these also con-
tain releases which might be interpreted as multiquantal
(their Fig. 13 B shows -50% multiquantal releases). Such
apparent multiquantal spontaneous releases are not confined
to inhibitory synapses, as they have also been observed at
excitatory synapses of mossy fibers on cerebellar granule
cells in immature (11-17-day-old) rat cerebellum (Silver et
al., 1992), in which an average of 25% of the releases are
multiquantal. More recently, multiquantal spontaneous re-
lease has been observed at excitatory synapses formed by
optic nerve terminals on lateral geniculate neurons; -20%
of the releases are multiquantal, including double and triple
releases (Paulsen and Heggelund, 1994). It is known that the
active zone of central synaptic boutons does not reach a
mature state until postnatal day 30 in the rat (Markus et al.,
1987), a time much later than that at which electrophysical
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studies are made. The active zone model incorporating a
random distribution of channels and vesicles (Fig. 1) may be
more appropriate to account for multimodal distributions at
the central synapses studied so far, if these multiquantal
releases can be interpreted as occurring at a single bouton.
This caveat is raised as recordings have recently been made
of spontaneous quantal release from single boutons at hip-
pocampal pyramidal neurons, for which there was little
evidence of multiquantal release (Gulyas et al., 1993). Fur-
thermore, it may be that there is more than one active zone
in those mature boutons for which there is evidence for
multiquantal release (for a review of this possibility, see
Korn et al., 1994).
The synaptic boutons on autonomic ganglia give rise to
spontaneous quantal secretions recorded with an intracellu-
lar electrode that do not in general have amplitude-fre-
quency histograms that can be described by a Gaussian
distribution (Blackman et al., 1963; Blackman and Purves,
1969). The histograms are often better fitted by a gamma-
distribution (McLachlan, 1975; Bennett et al., 1976). Born-
stein (1981) shows -30% multiquantal releases for an
autonomic ganglion. A channel current of 600 ms-1 gives
about 25% multiquantal releases at sympathetic varicosities
(Fig. 9 A), which also use N-type calcium channels in
quantal secretion. About this proportion of multiquanta
have been observed at these varicosities (Bennett, 1995).
Motor endplates
Fatt and Katz (1952) noted in the first intracellular record-
ing of spontaneous release at the amphibian motor endplate
that the amplitude-frequency histogram of spontaneous po-
tentials was well fitted by a Gaussian distribution, but that
a few double quantal releases (i.e., around twice the mean of
the Gaussian) could be observed. These were attributed to
near coincident and independent release of quanta from
different active zones. Although there has been much re-
search on subquantal releases (i.e., releases of much smaller
amounts of transmitter than contained in a quantum as
defined by the Gaussian; see Kriebel et al., 1982; Bennett,
1995), there is little evidence for multiquantal releases at the
endplate. What conditions might pertain at these active
zones, which restrict spontaneous release to single vesicles?
It is known that N-type calcium channels control calcium
influx responsible for secretions at the amphibian endplate,
and this restricts the mean open time of the channel to -0.2
ms. If A, is -14 ,um-1 (i.e., sufficient to give a vesicle
density on the line such that each vesicle is separated from
its neighbors by a single space slightly less than half the
diameter of one vesicle), then Fig. 9 D shows that the
channel current must be no greater than 500 ms-1 for
multiquantal release to be <5% of all quantal releases.
Developing amphibian motor endplates do not possess
Gaussian distributions of spontaneous potentials (Kiiebel
and Gross, 1974; Bennett and Pettigrew, 1975). Shortly
after formation of the motor nerve terminal, before the
1973; Ko, 1985), multiquantal releases are frequent (Ben-
nett and Pettigrew, 1975). They are also frequent at newly
cultured motor nerve synapses (Fig. 13 A, Lo et al., 1991).
The model involving random distribution of vesicles (Fig.
1) could account for this multiquantal release.
Kriebel and his colleagues (see, e.g., Kriebel and Gross,
1974; Erxleben and Kriebel, 1988; Vautrin and Kriebel,
1991) have presented extensive evidence for the Gaussian
distribution of spontaneous potentials at motor endplates
possessing a subunit structure. Furthermore, they identified
a small positively skewed distribution of spontaneous po-
tentials, with a subunit structure, in addition to the Gaussian
distribution. Although the present model does not predict
this subunit composition, work in progress indicates that
it could arise from stochastic events involved in vesicle
exocytosis.
CONCLUSION
The theory for spontaneous quantal secretion developed
here may be compared with existing theories for evoked
quantal secretion at the squid giant synapse and the amphib-
ian neuromuscular junction. These use a fixed set of open
calcium channels in a particular spatial array within an
active zone (Fogelson and Zucker, 1985; Zucker and Fo-
gelson, 1986; Parnas et al., 1989; Yamada and Zucker,
1992) or solve deterministic kinetic equations governing
channel openings (Llinas et al., 1981a). In the present theory
both the opening of a channel and its location within an
active zone are stochastic. Previous theories also considered
that quantal secretion was either proportional to a power of
the calcium concentration at the vesicles (Fogelson and
Zucker, 1985) or that it was governed by deterministic
kinetic equations involving the concentration of calcium
ions and the concentration of a vesicle-associated protein
required for exocytosis (Llinas et al., 1981b; Parnas et al.,
1989; Yamada and Zucker, 1992). The introduction of tech-
niques to describe what are essentially stochastic events in
the calcium-activated secretion process has allowed for a
probabilistic description of spontaneous quantal secretion as
evidenced in the predicted amplitude-frequency distribu-
tions. The present stochastic model tends to give predictions
for the level of multiquantal release that are higher than
those recorded, even given the caveats concerning whether
the recordings are from single active zones or not. This may
point to the future necessity of considering whether a re-
fractory system exists within single active zones that re-
stricts the level of multiquantal spontaneous release (Triller
and Korn, 1982).
APPENDIX
Derivation of Eq. 21
Let the single open calcium channel be at the origin and suppose it is
active zones have become organized (Heuser and Reese,
Bennett et al. 53
suffounded by a disc of radius p containing Np vesicles placed at random.
54 Biophysical Joumal Volume 69 July 1995
(Eventually, p will be allowed to go to infinity). Then the distance of a
vesicle from the channel is a random variable R with density function
2r
fR(r) = p2, O'r'p.
From Eq. 13, the probability that a vesicle at distance r releases a quantum
by time t is P4(r,t) P4(t), so the expected probability of release at a
randomly chosen vesicle in the disc is
P 2r
pp(t) = J P4(r,t) - dr.
0
The conditional probability of k releases given n vesicles inside the disc is
given by the binomial distribution
P(K(t) = kINp = n) = (k)[p (t)]k[1-pp(t)]nk. (23)
(Note that it is permissible to use the binomial distribution here because the
distances to the vesicles have been treated as independent identically
distributed random variables.) The unconditional probability is therefore
P(K(t) = k) = > P(K(t) = kIN, = n)P(Np = n). (24)
n=k
Now Np obeys a Poisson distribution, with average irp2A, so
effp2Av)P(Np = n) =e-! n = 0,1,2,... (25)
Using Eqs. 23 and 25 in Eq. 24 leads to
P(K(t) = k) = e-Pp(t)lrp2Av [pp(t)irp2Xv]k
This should become independent of p for p large, so the final result Eq. 21
is obtained upon using
Jx
1imp2pp(t) = P4(r,t)2r dr-q (t).
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